kappa-deformed quantum field theory and Casimir effect 
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Abstract 

We consider the quantization of a scalar K-deformed 
field up to the point of obtaining an expression for 
its vacuum energy. The expression is given by the 
half sum of the field frequencies, as in the non- 
deformed case, but with the frequencies obeying the 
K-deformed dispersion relation. We consider a set 
of K-deformed Maxwell equations and show that for 
the purpose of calculating the Casimir energy the 
Maxwell field, as in the non-deformed case, behaves 
as a pair of scalar fields. Those results provide a 
foundation for computing the Casimir energy start- 
ing from the the half sum of field frequencies. A 
method of calculation starting from this expression 
is briefly described. 



1 Introduction 

The K-deformed Poincare algebra |2] is a quan- 
tum group, i.e., a non-commutative and non- 
cocommutative Hopf algebra, 3 ; obtained by a 
Wigner-Inonu contraction of a deformation of the 
anti-De Sitter algebra The deformation param- 

eter k has dimension of mass and can be related to 
the Planck's length if the K-deformation is proposed 
to describe spacetime symmetries at the Planck scale. 
In the limit in which n — > oo the deformation disap- 
pears and the commutation relations of the algebraic 
part of the Hopf algebra reduce to the commutation 
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relations of the usual Poincare algebra. The coalge- 
braic part becomes cocommutative in this limit, but 
will not be further mentioned because is of no con- 
cern to us here. The K-deformed Poincare algebra has 
the same 10 generators of the Poincare algebra: the 
ones for rotations, boosts, space translations P and 
time translations P°. They obey deformed commuta- 
tion relationspP for which the following first Casimir 
invariant can be obtained: 
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where the scalar m is endowed with the usual in- 
terpretation of the mass of the particle in each irre- 
ducible representation. For us here, the K-deformed 
mass shell condition and dispersion relation obtained 
from the invariant is the essential ingredient of 
the K-deformation of the Poincare algebra. In the 
limit k — > oo in which the deformation desappears 
the Casimir invariant Q reduces to the usual one in 
the Poincare algebra, to wit: Pq — P 2 = m 2 . 

A field theory is K-deformed when its spacetime 
symmetry is governed by the K-deformed Poincare 
algebra. Let us notice that field theories with k- 
deformation may be treated in the context of non- 
commutative spacetime 01 but here we follow the 
original approach of a deformed Poincare algebra in 
usual spacetime E] ■ In a K-deformed field theory 
the equations of motion for the free fields should give 
rise to the mass shell and dispersion relation given by 
(|T|). Examples of such equations were proposed for a 
K-deformed scalar field [5], 



(V 2 -d 2 -TO 2 )<Xx,a; ) = 
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and the K-dcformed Dirac field [2]: 

^% + % f dq _ m )^( Xj x 0) = o ) ( 3 ) 

where the gamma matrices are the usual ones and 
use was made of the definitions: 

q = — and d„ = - sen(q d ) . (4) 
Ik q 

Let us notice that d q is a differential operator of in- 
finite order, except in the limit q — > in which de 
deformation disappears and <9q— ><9o. The infinite or- 
der of this operator is a main source of complexity in 
the calculations in deformed theories. 

Another example of K-dcformed equations of mo- 
tion is given by the following K-deformed Maxwell 



equations [Sj: 

V • E = , (5) 
VxE= -d q B , (6) 

V • B = , (7) 
V x B = dqE . (8) 



Notice that relativistic wave equations for free fields 
were obtained by the Wigner construction in the con- 
text of noncommutative K-deformed spacetime 
Returning to the K-deformed Maxwell equations (151811 
we obtain for their plane wave solutions the disper- 
sion relation 

sinhfaw) =<?|k| , (9) 

in accordance with the K-deformed Casimir invariant 

Let us now consider the Casimir effect. The origi- 
nal Casimir effect consists in the attraction be- 
tween two parallel perfectly conducting plates at 
small separation. This attraction is a consequence 
of the shift in vacuum energy of the electromagnetic 
field which occurs due to the presence of the plates. 
The shift in energy properly regularized and renor- 
malized is known as Casimir energy and is given by: 

■K 2 e 2 

where the plates are considered as two squares of side 
i separated by a distance a (a -C £)■ It is a QED phc- 
nomcnum, although at the one-loop level, in which it 



is defined, the quantized electron field can be ignored. 
In this case its only effect is described by the bulk ac- 
tion of the perfectly conducting plates on the electro- 
magnetic field through the boundary conditions. In 
a broader sense the Casimir effect [7] is a property of 
any relativistic quantum field which arises from the 
shift in their vacuum energy due to boundary condi- 
tions or other properties of the base manifold of the 
field [5]). It is a fundamental effect and at the same 
time requires for its calculation a relatively small part 
of the theory of the field in consideration, namely: 
the part which leads to an expression for the vacuum 
energy or other equivalent quantity. These two prop- 
erties make the Casimir effect specially well suited for 
the investigation of theories still under construction. 
The Casimir effect for K-deformed electrodynamics 
was calculated perturbatively in the parameter 1/k 
[5] and also non-perturbatively from the sum of 
modes expression of the vacuum energy. It was also 
obtained for a massive scalar field from the Schwingcr 
proper time representatio of the effective action JU| . 
Here we address the question of taking for the vac- 
uum energy in the K-deformed case the usual expres- 
sion of half sum of the field frequencies. Notice that 
K-deformation may change drastically some quanti- 
ties associated with the fields, as it happens with the 
one-loop effective action [TU] , 

2 Vacuum energy in k- 
deformed theories 

The Casimir effect is obtained from the vacuum en- 
ergy, which results from quantum fluctuations and, as 
such, is a fundamental quantity of any quantum field. 
In the case of K-deformed fields there is no complete 
quantized theory yet. However, it is possible to by- 
pass difficulties due to the deformation and develope 
quantization to the point of obtaining the expression 
for the vacuum energy. We will consider now the 
case of a scalar field for simplicity. More complicated 
kinematics will not affect the main features of the 
formalism below. 

We start from a Lagrangian which is equal up to 
surface terms to the one proposed by Lukierski, Now- 
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icki and Ruegg 2 : 



(11) 



where we are using the convention that a bar over an 
index means that its range is {q, 1, 2, 3}. The action 
for this infinite order Lagrangian has the general form 



This shows that the Lagrangian (|llfl in fact describes 
the Klein-Gordon field. Since it does not depend on 
time explicitly, we get from Noether's theorem the 
following conserved energy-momentum tensor: 



6^ = Wd v (j) - g^C 



(18) 



W(0) = / (Fx C{cj){x),d(t>{x)) 



(12) 



where IP is given by (|15|l and (|16|l . From this tensor 
we get for the energy P° of the K-deformed field the 
expression: 
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i a virtual variation of this action and J 



where dcj) 

[tx,t2]. Taking a virtual variation of this action and 
using the lemma: 



(19) 
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where T and S are functions of time, we obtain: 
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where 
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and 



IT = dC/d(d l( p) 
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The action principle requires that the variation (|14|l 
depends only on surface terms and so we obtain in dc 
K-deformed case the following Euler-Lagrange equa- 
tion: 



— - i dC = n 



(17) 



Substituing the Lagrangian in this equation we 
obtain the K-deformed Klein-Gordon equation (J2J). 



where we should notice that the similarity with the 
energy of the non-deformed case is only notational. 
In fact n° is the differential operator Ijl5|l in the de- 
formed case and it reduces to a field quantity only in 
the limit >0. 

For the quantization of the system the first step is 
to promote <fi(x) to an operator: 

<f,(x) = J d 3 p n(p) [o(p) e"*" + at(p) e *-«] , (20) 

where ry(p) is a normalization factor, the plane waves 
have dispersion relation 



p° = lu(p) = — sinh I qy/ p 2 



(21) 



and their amplitudes a(p) and aJ(p) are operators 
obeying the canonical commutation relations: 



Kp),a(p')] = [at(p),at(p')]=0 
[a(p),at(p')]=5(p-p') 



(22) 
(23) 



The second step in the quantization procedure is 
to postulate the Heisenberg equation: 



d a (f) = i[P ,(j)] 



(24) 



where P° is the operator obtained by quantization of 
the energy (|19|1 . By substituting in this operator the 
expression H2()(l for the field and performing a lengthy 
calculation we obtain: 



pu 



d 3 p 



r,(p) 2 2(2^) : 



; senh(2gw(p)) 
2~q 



-«(p)(ot(p)o(p)+a(p)ot(p)). (25) 
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The compatibility of the Heisenberg equation (|24[l 
with the normalization chosen for the commutation 
relations (|22[1 and (|23[1 requires for the normalization 
factor r/(p) that ri(p) 2 2(27r) 3 senh(2<7w(p))/2<7 = 1. 
This condition can obvioulsy be fulfilled and used in 
(I25|l to obtain the following simple expression for the 
energy operator of the K-deformed field: 

P° = J d 3 p^(p) (ot(p)o(p)+a(p)o+(p)),(26) 

where the frequency w(p) is given by the K-deformcd 
dispersion relation l|21(l . By using in (|26|l the commu- 
tation relation 12.'iH and the definition a(p)|0) = for 
the vacuum state |0), we obtain for the vacuum en- 
ergy Eq of the K-deformed field in box normalization 
El: 



(27) 



Therefore, by using canonical quantization proce- 
dures for the K-deformed field we obtain that its vac- 
uum energy is given, as in the non-deformede case, 
by the half sum of the field frequencies. In this way 
the vacuum energy of the deformed field differs from 
the vacuum energy of the non-deformed only in that 
the dispersion relation for the frequencies of the for- 
mer is a deformation of the dispersion relation for the 
frequencies of the latter. 

Now that we arrived at the expression for the vac- 
uum energy (|27|l of the K-deformed field two remarks 
are in order. The first is that the consistency of 
the canonical quantization requires that the Heisen- 
berg equation l|24(l and the commutation relations 
(|22|I - H23JI must lead to the same equation of mo- 
tion obtained from the K-deformed Euler-Lagrange 
equations i|17|) . namely, to the K-deformed Klein- 
Gordon equation This can be verified by using 
for the differential operator d q in the factorization 
d q = dg do, where 



1 « (-l)Vn + l 

5 'e (2n+l)l d ° 



(28) 



and applying the differential operator d q to both sides 
of the Heisenberg equation 124|) . The second remark 
is that the quantization was performed without using 
a conjugate field for the field cj>. This is why the 
canonical commutation relations were imposed on the 
oscillators a(p) and a' (p), as given in 1221 and l|23|l . 
The choice of a conjugate field is far from trivial in 
the case of infinite order Lagrangians, as it is the case 
of the ^-deformed Lagrangian lllfl . In the deformed 
case there are several quantities playing the role of 
conjugate fields. We have, for example, the variable: 



TT q (x) 



dC 
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d q cj)(x) , 



(29) 



which takes the place of the time derivatives of the 
field after a transformation of Legendre type is per- 
formed on the Lagrangian. In order to obtain the 
equal time canonical commutation relations involv- 
ing this field we derive from JSUJ), (J^and the 
following general commutator for the field: 



iA q (x - x') , 



(30) 



where A q is the Pauli- Jordan function of the k- 
deformed field: 



A q (x-x') = 



d 3 p 



(2tt 3 ) J sinh2qw(p)/(7 

-ip-(x~ x ) ip-{x— x ) 



(31) 



which has the form proposed by Lukierski, Nowicki 
and Ruegg 0. From this general commutator we 
obtain that the Legendre conjugate field n q given in 
(|29|) obeys the commutation relation 

[tt 9 (x, t), cf)(x.',t),} = i d q A q (x - a/)U°=x'° 

^-t<5(x-x'). (32) 

On the other hand, by using the field 

ir 2q (x) = d 2q (f>(x) , (33) 

we obtain: 

[0(x, t),<f>(x!,t)] = = [7r 2g (x, t), 7r 2g (x', t)] (34) 



and 



[^(x,t),n 2q {x.',t)] = iS(x - x') 



(35) 
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Finally, we have in (|19fl the differential operator 11° 
playing the role of the K-deformed version of the con- 
jugate field 7r(x) = do4>(x) in the non-deformed case. 
In this way we have in the K-deformed case the three 
objects 7T g , 7T2 9 and II exhibiting different proper- 
ties of the conjugate field ir(x) = do4>(x) in the non- 
deformed case. All of them have the same expected 
limit when the deformation disappears: 

lim 7T2o = lim n„ = lim II = dnd . (36) 

The important point is that it was not necessary to 
make a choice between those three quantities in order 
to arrive at the expression of the vacuum energy in 

G3- 

3 The K-deformed Casimir ef- 
fect 

Let us now consider the Casimir effect in the case 
of K-deformed electrodynamics. As in the original 
Casimir effect we consider two parallel perfectly con- 
ducting squares of side i and separated by a dis- 
tance a (a <c £). Those two plates are now in the 
vacuum of the K-deformed quantum electromagnetic 
field. To describe the effect of the plates on this field 
we must consider the inhomogeneous Maxwell equa- 
tions with source terms added to equations JSJ) and 
(JSJ). It is easy to verify that those inhomogeneous 
equations give rise to the same boundary conditions 
and transverse polarization properties that are ob- 
tained in the non-deformed case. As a consequence 
the wave numbers describing the ressonant modes of 
the electromagnetic fields between the perfectly con- 
ducting plates are not modified by the deformation. 
This result is used in the expression for the electro- 
magnetic version of 1)27(1 . which is given by 

E ° =£f sinh-^glkl) , (37) 

where a is the index for the transverse polarizations 
and the dispersion relation @ has been used. The re- 
sulting expression for the vacuum energy in the pres- 



ence of the plates is: 

sinh- 1 (qJk\ + fejf) (38) 

where k n — irn/a (n = 0, 1, ...), e and A|| are posi- 
tive regularization parameters and the mode n = 
was ignored because it gives rise to the spurious term 
representing the self-energy of the plates. After the 
required subtractions the regularization parameters 
are eliminated by the limits e— >0 and A|| —>oo. The 
expression ()38f) provides the starting point of the cal- 
culation of the Casimir energy in K-deformed electro- 
dynamics from the expression of vacuum energy as 
a sum of modes EJ. Let us briefly describe how 
to obtain an expression of this energy which is non- 
perturbative in the deformation parameter First 
of all we notice that although the cutoff A|| may seem 
unnecessary in view of the regularization performed 
by the parameter e, it must be used in order to apply 
the argument principle in the calculation of the series 
in (|38p. After the application of this principle it is 
easy to identify in the resulting expression the spuri- 
ous term describing the vacuum energy in the absence 
of the plates. By subtracting this term we arrive at 
the Casimir energy £ q {a) that can be written as: 

f- ™ i r a li / i \ 

^ ) = _ S¥^I dy { y + ^J 

- .(39) 

In the limit q — > this energy reduces to the usual 
Casimir energy (|1U|I . as expected. 
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